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𝑅𝑆𝑃0.21−0.30𝑚

𝑅𝑆𝑃0.21−0.30𝑚

mailto:amilton.silva1@unioeste.br?subject=Contact%20author
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𝑡 ℎ𝑎−1

𝑚𝑔 𝑑𝑚−3

𝑅𝑆𝑃0.21−0.30𝑚

𝑡 ℎ𝑎−1

𝑡 ℎ𝑎−1

𝑡 ℎ𝑎−1

𝑚𝑔 𝑑𝑚−3

𝑅𝑆𝑃0.21−0.30𝑚

𝑡 ℎ𝑎−1

𝑅𝑆𝑃0.21−0.30𝑚

𝑡 ℎ𝑎−1 𝑚𝑔 𝑑𝑚−3 𝑅𝑆𝑃0.21−0.30𝑚

𝑅𝑆𝑃0.21−0.30𝑚
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𝑅𝑆𝑃0.21−0.30𝑚

1𝑠𝑡

3𝑟𝑑

�̃�3

�̃�3

𝑅𝑆𝑃0.21−0.30𝑚

�̂�

�̂�1

�̂�2

�̂�3

�̂�(𝑘𝑚)
𝑆𝐷𝐼

𝐶𝑙𝑎𝑠𝑠
�̂� �̂�1 �̂�2 �̂�3 �̂� 𝑆𝐷𝐼 𝐶𝑙𝑎𝑠𝑠

𝑅𝑆𝑃0.21−0.30𝑚 𝑅𝑆𝑃0.21−0.30𝑚

𝑡 ℎ𝑎−1 𝑚𝑔 𝑑𝑚−3

𝑅𝑆𝑃0.21−0.30𝑚

𝐶𝑖

𝐿𝑚𝑎𝑥

𝑅𝑆𝑃0.21−0.30𝑚

𝑅𝑆𝑃0.21−0.30𝑚

�̂�𝑤 ≥ 0.75
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−1 𝑚𝑔 𝑑𝑚−3

𝑅𝑆𝑃0.21−0.30𝑚

𝑅𝑆𝑃0.21−0.30𝑚

𝑅𝑆𝑃0.21−0.30𝑚

�̂� �̂�𝑤
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𝐶𝑖 |𝐿𝑚𝑎𝑥| 𝐶𝑖 |𝐿𝑚𝑎𝑥|
𝐶𝑖 |𝐿𝑚𝑎𝑥| 𝐶𝑖 |𝐿𝑚𝑎𝑥| 𝐶𝑖

|𝐿𝑚𝑎𝑥|

�̂�𝑤 ≥ 0.75

0.4 <

�̂�𝑤 ≤ 0.75

𝑡 ℎ𝑎−1

𝑚𝑔 𝑑𝑚−3

𝑅𝑆𝑃0.21−0.30𝑚
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𝑆𝐷𝐼 = 𝑀𝐹 (
𝜑2

𝜑1+𝜑2
) 𝑚𝑖𝑛 {1; (

𝑎

0.5𝑀𝐷
)} 100 𝜑1 𝜑2

�̂� �̂�𝑤

�̂� �̂�𝑤

×
×
×

𝑅𝑆𝑃0.21−0.30𝑚 × 𝑅𝑆𝑃0.21−0.30𝑚

�̂�𝑤 �̂�𝑤 �̂�𝑤

𝑅𝑆𝑃0.21−0.30𝑚

𝑅𝑆𝑃0.21−0.30𝑚

𝒁 = {𝒁(𝒔), 𝒔 ∈ 𝑺}
𝒔 = (𝑥, 𝑦)⊤

𝑺 ⊂  ℝ2 ℝ2

𝒁 =

(𝑍(𝒔1), … , 𝑍(𝒔𝑛))
⊤

(𝒔1, … , 𝒔𝑛) 𝒁 =  𝜇𝟏 + 𝜺 𝜇
𝟏

𝑛 × 1 𝜺 = (𝜀(𝒔1), … , 𝜀(𝒔𝑛))
⊤

𝑛 × 1
𝐸(𝜺) = 𝟎 𝚺 𝑛 × 𝑛 𝚺 =

𝚺[(𝜎𝑖𝑗)] = 𝐶 (𝑍(𝒔𝑖), 𝑍(𝒔𝑗)) , 𝑖, 𝑗 = 1, … , 𝑛

𝚺
𝚺 =  φ1𝑰𝑛 + 𝜑2𝑹(𝜑3) 𝑰𝑛 φ1 ≥ 0

φ2 ≥ 0
φ3 ≥ 0 (𝑎 =

𝑔(φ3)) 𝑹(𝜑3) = [(𝑟𝑖𝑗)]

𝑟𝑖𝑗 , 𝑖, 𝑗 = 1, … , 𝑛

𝒔𝑖 𝒔𝑗 𝑟𝑖𝑗 =

1 𝑖 = 𝑗 ℎ𝑖𝑗 = 0 𝑟𝑖𝑗 = 0 𝑖 ≠ 𝑗 φ2 = 0 𝑟𝑖𝑗 =

 φ2
−1𝐶(ℎ𝑖𝑗) 𝑖 ≠ 𝑗 φ2

−1 ≠ 0 𝐶(ℎ𝑖𝑗) =

𝐶(𝑍(𝒔𝑖), 𝑍(𝒔𝑗)) ℎ𝑖𝑗 =

‖𝒔𝑖 − 𝒔𝑗‖ 𝒔𝑖 𝒔𝑗

𝛾(ℎ)

=
1

2𝑁(ℎ)
∑ (𝑍(𝑠𝑖 + ℎ)

𝑁(ℎ)

𝑖=1

− 𝑍(𝑠𝑖))
2

,                                                                                (1)

𝛾(ℎ)
𝑁(ℎ)

ℎ 𝑍(𝑠𝑖 + ℎ)
𝑠𝑖 + ℎ 𝑍(𝑠𝑖)

𝑠𝑖

𝛾(ℎ)

= {
𝜑1 + 𝜑2 (1 −

𝜑3

ℎ
𝑠𝑒𝑛 (

ℎ

𝜑3
)) ,   ℎ > 0

                              0,                        ℎ = 0

  ,                                                                         (2)

𝚺 =  φ1𝑰𝑛 + 𝜑2 (
𝜑3

ℎ
𝑠𝑖𝑛 (

ℎ

𝜑3
))

𝜕𝚺

𝜕𝜑1
= 𝑰𝑛

𝜕𝚺

𝜕𝜑2
= 𝑹(𝜑3)

𝜕𝚺

𝜕𝜑3
= 𝜑2 [

1

ℎ
sin (

ℎ

𝜑3
) −

1

𝜑3
𝑐𝑜𝑠 (

ℎ

𝜑3
)]

𝜕2𝚺

𝜕𝜑1
2 = 0

𝜕2𝚺

𝜕𝜑1𝜕𝜑2
= 0

𝜕2𝚺

𝜕𝜑1𝜕𝜑3
= 0

𝜕2𝚺

𝜕𝜑2
2 = 0

𝜕2𝚺

𝜕𝜑2𝜕𝜑3
=

1

ℎ
sin (

ℎ

𝜑3
) −

1

𝜑3
𝑐𝑜𝑠 (

ℎ

𝜑3
)

𝜕2𝚺

𝜕𝜑3
2 = −

𝜑2ℎ

𝜑3
3 sin (

ℎ

𝜑3
)

𝑍~𝑁𝑛(𝜇𝟏, 𝚺) 𝚺 =
𝜑1𝑰𝑛 + 𝜑2𝑹 𝝋

𝜽 = (𝜇, 𝝋𝑇)𝑇 𝝋 =
(𝜑1, 𝜑2, 𝜑3)𝑇

ℒ(𝜽) = − (
𝑛

2
) log(2𝜋) −

1

2
log|𝚺|

−
1

2
(𝒁 − 𝜇𝟏)𝑇𝚺−1(𝒁

− 𝜇𝟏),                                             (3)
𝜽 = (𝜇, 𝝋𝑇)𝑇 𝑈(𝜽) = (𝑈(𝜇), 𝑈(𝝋))

𝑈(𝜇) =
𝜕ℒ(𝜽)

𝜕𝝁
= 𝟏𝑇𝚺−1(𝒁 − 𝜇𝟏) 𝑈(𝝋) =

𝜕ℒ(𝜽)

𝜕𝝋

𝑗
𝜕ℒ(𝜽)

𝜕𝜑𝑗
= −

1

2
𝑡𝑟 {𝚺−1 𝜕𝚺

𝜕𝜑𝑗
} +

1

2
𝜺𝑇𝚺−1 𝜕𝚺

𝜕𝜑𝑗
𝚺−1𝜺 𝑗 𝜺 = (𝒁 − 𝜇𝟏)

 𝑈(𝜇) = 0 𝑈(𝝋) = 𝟎
ℒ(𝜽) = −𝑳(𝜽)

𝜽 = �̂� 𝑳(𝜽) = (
𝑳𝜇𝜇 𝑳𝜇𝝋

𝑳𝝋𝜇 𝑳𝝋𝝋
)

𝑳𝜇𝜇 =
𝜕2ℒ(𝜽)

𝜕𝜇𝜕𝜇𝑇 = −𝟏𝑇𝚺−11 𝑳𝜇𝝋 = 𝑳𝝋𝜇
𝑇 =

𝜕2ℒ(𝜽)

𝜕𝜇𝜕𝝋𝑇

𝜕2ℒ(𝜽)

𝜕𝜇𝜕𝜑𝑗
= −𝟏𝑇𝚺−1 𝜕𝚺

𝜕𝜑𝑗
𝚺−1𝜺 𝑗 = 1, … , 𝑞 𝜺 = (𝒁 − 𝜇𝟏)

𝑳𝝋𝝋 =
𝜕2ℒ(𝜽)

𝜕𝝋𝜕𝝋𝑇

𝜕2ℒ(𝜽)

𝜕𝜑𝑖𝜕𝜑𝑗
=

1

2
𝑡𝑟 {𝚺−1 (

𝜕𝚺

𝜕𝜑𝑖
𝚺−1 𝜕𝚺

𝜕𝜑𝑗
−

𝜕2𝚺

𝜕𝜑𝑖𝜕𝜑𝑗
)} +

1

2
𝜺𝑇𝚺−1 {

𝜕2𝚺

𝜕𝜑𝑖𝜕𝜑𝑗
−
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𝜕𝚺

𝜕𝜑𝑖
𝚺−1 𝜕𝚺

𝜕𝜑𝑗
−

𝜕𝚺

𝜕𝜑𝑗
𝚺−1 𝜕𝚺

𝜕𝜑𝑖
} 𝚺−1𝜺 𝑖, 𝑗 = 1, … , 𝑞 𝑞 =

3
𝑲(𝜽) =

𝐸[−𝑳(𝜽)] 𝑲(𝜽) =

(
𝑲(𝜇) 𝟎

𝟎 𝑲(𝝋)
) 𝑲(𝜇) = 𝐸[−𝑳𝜇𝜇] = 𝐸 [−

𝜕2ℒ(𝜽)

𝜕𝜇𝜕𝜇𝑇] =

𝟏𝑇𝚺−1𝟏𝑛 𝑲(𝝋) = 𝐸[−𝑳𝝋𝝋] = 𝐸 [−
𝜕2ℒ(𝜽)

𝜕𝝋𝜕𝝋𝑇
]

𝑘𝑖𝑗(𝜑) =
1

2
𝑡𝑟 [𝚺−1 𝜕𝚺

𝜕𝜑𝑖
𝚺−1 𝜕𝚺

𝜕𝜑𝑗
] 𝑖, 𝑗 = 1, … , 𝑞

𝑲(𝜽)−1

𝒁𝜔 = 𝒁 + 𝚺
1

2𝜔 𝜔
Ω

ℒ(𝜽𝜔) = ℒ(𝜽|𝝎) = − (
𝑛

2
) log(2𝜋) −

1

2
log|𝚺| −

1

2
(𝒁𝝎 −

𝜇𝟏)𝑇𝚺−1(𝒁𝝎 − 𝜇𝟏)

𝚫 = (𝚫𝜇
𝑇 , 𝚫𝜑

𝑇 )
𝑇

𝜽 = �̂�

𝝎 = 𝝎0 𝚫𝜇 = −𝟏𝑛
𝑇𝚺−1𝚺

1

2 𝚫𝜑 =
𝜕2ℒ(𝜽|𝝎)

𝜕𝝋𝜕𝝎𝑇

∆𝜑𝒋
= 𝜺𝑇 [𝚺−1 𝜕𝑨

𝜕𝜑𝑗
− 𝑫𝑗𝑨] 𝑗 = 1, … , 𝑞

𝑨 = 𝚺
1

2 𝜺 = 𝜺(𝝎0) = (𝒁 − 𝜇𝟏) 𝑫𝑗 = 𝚺−1 𝜕𝚺

𝜕𝝋𝑗
𝚺−1

𝑩 = 𝚫𝑇𝑳−1𝚫 𝑳
𝐶𝑖 = 2|𝑏𝑖𝑖| 𝑖 = 1, … , 𝑛

𝑏𝑖𝑖 𝑩
𝐶𝑖 𝑖

𝐿𝑚𝑎𝑥

𝐵
|𝐿𝑚𝑎𝑥| 𝑖

�̂� (�̂�𝑤)

(�̂�𝑤)

𝑤𝑖𝑗
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